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A pair of quasi-definite linear functionals {u,, u,} on the set of polynomials is
called a coherent pair if their corresponding sequences of monic orthogonal poly-
nomials {P,} and {7,} satisfy a relation
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with ¢, non-zero constants. We prove that if {u, u,} is a coherent pair, then at
least one of the functionals has to be classical, i.e. Hermite, Laguerre, Jacobi, or
Bessel. A similar result is derived for symmetrically coherent pairs. © 1997 Academic Press

1. INTRODUCTION

Several authors studied polynomials orthogonal with respect to a
Sobolev inner product of the form

- b - b .
freyo=| fgd¥o+i| 18 av,, (L1)

where ¥, and ¥, are distribution functions and 4> 0. For a survey of the
theory we refer the reader to [5] and [11].

In [4] Iserles et al. introduced the concept of the coherent pair, which
proved to be a very fruitful concept. It reads as follows. Let {P,} denote
the monic orthogonal polynomial sequence (MOPS) with respect to d¥?,
and let {7,} denote the MOPS with respect to d¥,, then {d¥,, d¥,} is
called a coherent pair if there exist non-zero constants g, such that

! P/
T,=—*_g ~2  forall n>1. (1.2)
n+1 n
321

0021-9045/97 $25.00

Copyright © 1997 by Academic Press
All rights of reproduction in any form reserved.



322 H. G. MEIJER

Iserles et al. showed that if {d¥,,d¥,} is a coherent pair, then the
sequence of polynomials {S7?} orthogonal with respect to the inner product
(1.1) has an attractive structure. Put

n

Si=Y ar(J)P,(x), n=l,

n
m=1

then Iserles et al. showed that the normalization of P, and S% can be
changed by multiplying these functions with suitable constants in such a
way that the coefficients «!, become independent of n, apart from the lead-
ing coefficient 2. Write «,, =a for 1 <m <n—1, then «,, is a polynomial
in 4 of degree m and the polynomials «,,(1) satisfy a three term recurrence
relation. Moreover, if {d¥,, d¥,} is a coherent pair, then the {S7} satisfy
a four term recurrence relation; see [2]. It is easy to prove that when
{d?P,,d¥,} is a coherent pair, / is sufficiently large and n>2, then S’ has
n different, real zeros interlacing with the zeros of P,_, and with those of
T,_1;see [ 10]. Therefore it is interesting to investigate under what condi-
tions {d¥,,d¥,} is a coherent pair.

Marcellan and Petronilho [7] studied this problem in a more general
setting where u, and u, are quasi-definite linear functionals on the space of
polynomials and the corresponding MOPS satisfy a relation of the form
(1.2). They solved the problem completely for the case when one of the
functionals u,, u, is a classical one, i.e. Hermite, Laguerre, Jacobi, or
Bessel. In a recent paper [ 6], Marcellan, Pérez, and Pinar showed that if
{ug, u,} is a coherent pair of quasi-definite linear functionals, then both
are semiclassical, i.e. there exist polynomials ¢;, ; (i=0,1) such that
D(p,u;)=y,u; (i=0, 1), where D denotes the distributional differentiation.
Moreover, they showed that there exist polynomials 4 and B, such that
Auy= Bu, with degree 4 <3, degree B <2.

It is the aim of the present paper to solve the problem completely and
to determine all coherent pairs {u,, u,} of quasi-definite linear functionals.
We will prove that at least one of the functionals u,, u#; has to be classical,
so all coherent pairs of functionals {u,, u,} are already determined in [7]
(apart from some special cases which are not mentioned in [7]).

We show that there are only two cases:

(i) The functional u, is classical; there exist polynomials ¢, V, p,
degree ¢ <2, degree Y =degree p=1, such that D(¢u,)=vyu, and
Puy=pu;.

(i1)) The functional u, is classical; there exist polynomials ¢, V¥, p,
degree ¢ <2, degree Y =degree p=1, such that D(¢u,)=yu, and
Puo = pu; .
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We remark that it is possible that both u, and u, are classical. In Section 2
we give the basic definitions, notations, and known results on functionals and
coherent pairs of functionals. In Section 3 we show that every coherent pair
{uy, u,} belongs to case (i) or to case (ii). Moreover, we give all coherent pairs
for linear functionals which can be represented by distribution functions.

In Section 4 the functionals are symmetric. A pair of symmetric functionals
{ug, u,} is called a symmetrically coherent pair if their corresponding
MOPS {P,} and {T,} satisfy a relation

P P!

n+1 n—1

= —0, s
n+1 S |

for n=2,

n

with ¢, non-zero constants. We prove that if {u,, u,} is a symmetrically
coherent pair, then at least one of the functionals has to be classical.
Moreover, a division in two cases as for the coherent pairs is given.

2. BASIC DEFINITIONS AND RESULTS

Let u denote a linear functional defined on the space of polynomials 2.
A sequence of monic polynomials {P,} is called a monic orthogonal poly-
nomial sequence (MOPS) with respect to u if

(1) degree P,=n,n=0,1,2, ..,
(i) <u, P,P,>=0,n#m, n,m=0,1,2, ..,
(iii) <u, P2y =p,#0,n=0,1,2, ...

There exists a MOPS with respect to u if and only if u is quasi-definite;
see [ 3], Ch. I §3. In that case the MOPS is unique. In the sequel we always
suppose the functionals to be quasi-definite.

The MOPS {P,} satisfies a three-term recurrence relation of the form
(see [3], p. 18)

Pn+1(x):(x_ﬁn) Pn(x)_ynPnfl(x)a n>15

with y,#0 for n>=1, Py(x)=1, P,(x)=x—f,.
If 4 is a polynomial and u a functional, then Au is defined by

{Au, p> =<{u, Ap), pe?.

If the polynomial A4 is not the zero-polynomial and degree 4 =n, then we
can write

A: Z Ckpko
k=0



324 H. G. MEIJER

with ¢, #0, so {Au, P,y =c, p,#0. This implies that if 4 and B are poly-
nomials with 4u = Bu, then {(A—B)u, py =0 for all pe # and 4 — B has
to be the zero-polynomial, i.e. A =B.

The distributional derivative Du of the functional u is defined by

{Du,py=—Lu,p'>,  pe?
It is easy to check that we have for an arbitrary polynomial ¢:
D(pu)=¢'u+ ¢ Du.
A functional u is called classical if it satisfies a relation

D(opu) =yu,

with ¢ and y polynomials, degree ¢ <2, degree y =1.

The classical functionals and corresponding orthogonal polynomial
sequences are the following ones, see [ 9], up to a linear transformation of
the variable.

(i) degree ¢ =0: Hermite polynomials {H,} with ¢(x)=1,
= —2x.

(i) degree ¢ = 1: Laguerre polynomials { L} witho¢t { —1, —2, ..},
p(x)=x, Y(x)= —x+a+ L.

¥(x)

(i1) degree ¢ =2 and ¢ has two different roots: Jacobi polyno-
mials {P>7} with o, fa+f+1¢{—1, —=2,..}, p(x)=1—x% Y(x)=
—(c+pf+2)x+p—a.

(iv) degree ¢ =2 and ¢ has a double root: Bessel polynomials { B}
with a¢ { —2, =3, ..}, p(x) =x% Y(x)=(x+2) x +2.

Finally we remark that for a quasi-definite functional u a relation
D(¢pu) = cu, with ¢ a non-zero polynomial and ¢ a constant cannot be
satisfied, since c¢#0 would imply <{u,1>=0 and ¢=0 would imply
{ou, p> =0 for all pe 2.

In the sequel we will use the following definition and notations: u, and
u, denote quasi-definite linear functionals on 2, {P,} the MOPS with
respect to u,, {T,} the MOPS with respect to u,,

<u0»Pi> :p;77é07 n=0,1,2, ey

Cuy, T2y =1,#0, n=0,1,2, ...
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The pair {ug, u,} is called a coherent pair if there exist non-zero con-

stants o, such that

P P
=1t 5 In for n>1.
n+1 n

n

n

For a coherent pair we introduce the polynomials

T, Y
Cn=0n—771, n=1,2, ...
t t

n n—1

Then the leading coefficient of C,, is a,,/t, # 0.

(2.1)

(2.2)

The following basic proposition is due to Marcellan, Pérez, Pinar [6].

PROPOSITION 1. Let {uy, u,} denote a coherent pair, then

P
n—u,=D(C,u;)  for nxzl.

n
COROLLARY 1. Let {uy, u,} denote a coherent pair. Then
@ Du, =mu,, puy= Bu,, nuy= B Du,,

with

P P
¢=272C1_71C25
P2 P

P P
n=—-2-2C\+—C,
P2 D1

B=C C,— G,
where degree ¢ <3, degree n <2, degree B=2.
Proof. Proposition 1 with n=1 and n =2 reads:

P
~Luy=Clu,+C, Du,,
P

P, ,
2—uy=Ciu,+ C, Du,.
P>

(2.6)

(2.7)

Elimination of u, gives the first result, elimination of Du, the second one
and elimination of u, the last one. The coefficient of x” in the polynomial
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C, defined by (2.2) is o, /t,; thus the coefficient of x? in the polynomial B
defined in (2.5) is 0,0,/t,t, #0; then B has degree 2. |

3. DETERMINATION OF COHERENT PAIRS

In this section we suppose that {u,, u,} is a coherent pair and we use the
notations of Section 2. We will prove that at least one of the functionals u,,
u, is classical. The polynomial B defined in (2.5) is of degree 2 and there-
fore has two zeros &, and &,. We will prove that if &, = &,, then u, is classi-
cal (Theorem 1) and if &, #¢,, then u; has to be classical (Theorem 2).

If the polynomial B in (2.5) has a double zero, then the situation is
simple.

THEOREM 1. Let {u,, u,} denote a coherent pair of quasi-definite linear
functionals. Suppose that the polynomial B in (2.5) has a double zero &. Then

(1) wuy is classical with D(¢uy) =yu, for some polynomials @, ,
degree ¢ <2, degree =1,
(i)  Quo=(0,05/t,1,)(x—&) uy.
Proof. From (2.5) we obtain

0=8'(<)=Cy(&) C3(0).

Hence C,(¢)=0. Then applying again (2.5) we have 0=B(¢)=
—C1(&) Cy(&), so Cy(E)=0. Then (2.3) implies @(&)=0. Write ¢(x)=
(x—=¢) @(x).

Since C,(&) = C,(&) =0, the polynomial C, divides C,. Then the elimina-
tion of Du, from (2.6) and (2.7) can be done in such a way, that one
arrives at

~ 910>,
Ppuy= (1, (x—&) uy.
Then using (2.6),
o g,0, g, a, P,
D(pu,y) = D((x—&)uy)=—D(Ciuy) =——uo=Yuy,
11, 153 1 Py

where  is a polynomial of degree 1, i.e. u, is classical. ||

If Bin (2.5) has two different zeros, the analysis is more complicated. We
first derive some auxiliary results.
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It follows from Proposition 1 and Corollary 1, that for n>1,

P P
n—=Bu,=n— gu,=@D(C,u,)
p

n n

= (pc’nul + (pcn Dul = (@C:7+ Cnn) Uy.

Hence

P
n—B=C,p+C,m, n>=l. (3.1)

n

LEMMA 1. Suppose that & is such that B(E)=0, ¢(&)#0. Then there
exists a k, independent of n, k #0, such that

C(OO+kC(E)=0  forall n=1.
Proof. Substitution of ¢ in (3.1) gives
C(&) Q)+ C(S)m(E)=0, n=1.

Consider the relation for n=1. Then C)=a,/t; #0 and ¢(&) #0 imply

n(¢) #0.
Hence
C(E)+kC(E)=0 forall n>1,
with
_2©)
k—n(é);éo. |

LemmA 2. Suppose that there exist &, &,, ki #0, ky #0 such that
Cu(&1) +hk, Cy(&1)=0 and Cu(&2) +k, C(E5) =0,

foralln=1. Then & =&, and k,=k,.

Proof. Using the definition of C, in (2.2) we obtain for &, (j=1, 2),

o (TS THE)_Todl6)  To6)

J
n n tn—l tn—l
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Put
hE) = T,,t(f_,-)Jrk]_ T;t(f,-)’ n>0, j=1.2.
then
o, (&) =),  n=l j=1,2.
Note that

. 1

0

(3.2)

(3.3)

and (3.3) implies 4{(&;) #0 for all n>0. Dividing the relations (3.3) for

j=1 and j=2 we obtain

nO(ED) _hy2 (&)

= >1,
BIE) &) "
and by repeated application
h(&) _hgl)(fl) -1

(&) hg (&)
or

(&) =hP(E,) for all n>0.

But now (3.2) gives
T(E)+k,T(E)=T(E)+k,T(ES) for all n>=0.
It follows that every polynomial p satisfies
&) +k p'(&1) =p(S2) + ks p'(E).
Choose p(x)=(x—¢&,)" then
(=& +nky(E,—E)" =0, n=2

and, as a consequence, &; =¢&,. Finally &, =k,. ||

(3.4)
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LeEmMmA 3. Let B, ¢, and n denote the polynomials defined in Corol-
lary 2. Suppose that B has two different zeros. Then at least one of them is
also a zero of @. If B(&)=@(&)=0, then C,(&)#0 and n(&)=0.

Proof. 1t is a direct consequence of Lemma 1 and Lemma 2, that B and
@ have at least one zero ¢ in common. Since ¢ is a simple zero of B, it
follows B'(&) #0. By using (2.5) B'=C,C5, hence C,(&)#0. Substituting
¢ in (3.1) with n=1, we obtain n(£)=0. |

We now are able to treat the situation that B in (2.5) has two different
Zeros.

THEOREM 2. Let {uqy, u,} denote a coherent pair of quasi-definite linear
functionals. Suppose that the polynomial B in (2.5) has two different zeros.
Then

(1) u, is classical with D(¢u,)=vu, for some polynomials @, ,
degree $p <2, degree W =1;
(i1) there exists a & such that

0,0,

Uy = x—3&) uy.
PUg tltz( &) uy

Proof. Let &, &, denote the different zeros of B. By Lemma 3 at least
one of them is also a zero of . Without loss of generality we may suppose
@(&,)=0. Then by Lemma 3 also n(&,)=0.

Put B:(x_él)ga ie. EZ(Ulaz/lllz)(x_éz)a p=(x—¢) P, n=
(x—¢&)my.

Then (3.1) reduces to

P, -
n—B=C,p+C,m,, n=l. (3.5)
Pn

Moreover, the relations ¢@u,= Bu,, nu,=B Du, and ¢ Du, =nu, from
Corollary 1 reduce to

Puo=Bu, + Mo (&), (3.6)
B Du, =7t uy+ N§(&)), (3.7)
@ Du,=m u, + Ko(&)), (3.8)

for some constants M, N and K.
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From (3.5) and Proposition 1 we obtain for n>1,

P, - ~
(C;1¢+ Cnnl) uOZn;nBuOZB(C;zul + Cn Dul)ﬂ

n

or
C!(@uy— Bu,) = C,(B Du, — m,u,),
and with (3.6) and (3.7)
MC,(S)=NC,\(&y),  n=l (39)

Observe that C(&,) #0 and, by Lemma 3, C,(&,) #0; so M =0 if and only
if N=0.

For the second zero &, of B there are two possibilities: ¢(&,) #0 or
@(&;) =0.

(1) Let ¢(&,)#0. Then Lemma 1 implies that there exists a non-zero
constant k such that

C(&E)+KkC(E,)=0 forall n>1.

Since &, # &, we conclude from Lemma 2 that (3.9) only can be satisfied
with M =N=0.

(i1)) Let ¢(&,)=0. Then we may proceed with &, as with &, and con-
clude that there exist constants M, and N,, such that

M,C\(E)=N,C, (&) forall n>1, (3.10)

where C3(¢,) #0, C,(<5) #0.

Again Lemma 2 implies that at least one of the relations (3.9) and (3.10)
has to be a trivial one. Without loss of generality we may suppose that
(3.9) is trivial, ie M=N=0.

In both cases (3.6) reduces to

0,0,

@uozéulz (x—&) uy (3.11)

152

This proves assertion (ii) of the theorem.
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To prove the first assertion we use (2.6) and (3.5) with n=1:

P P, ~
@71u0:¢c,1u1+¢cl Du1=<plB—C]7z]>u1+(ﬁCl Du,,
1

D1

or
Py - N
; (Puog— Buy) = Ci(¢ Duy —myuy).
1

With (3.11) and (3.8) we obtain KC,(&,)=0. Since, by Lemma 3,
C,(&))#0, we have K=0 and (3.8) reduces to

@ Du,=m,u,.

Finally D(¢u,)=¢'u,+ @ Du, =(p' +mn,) u; =yu,, where y is a polyno-
mial of degree <1. Since u, is quasi-definite the degree of { has to be 1;
thus u, is classical. ||

ExaMPLES. A linear functional is positive-definite if and only if it can be
represented by a distribution function ¥ as (see [3], Ch. II)

upy=[ px)avix).  pez.

Then a coherent pair of positive-definite linear functionals {u,, u,}
corresponds to a coherent pair of distribution functions {d¥,, d¥,}. We
mention all coherent pairs of distribution functions which follow from
Theorem 1 and 2. The classical polynomials are given in their usual nota-
tion (see e.g. Szegd [12]) and not in their monic version; a linear change
in the variable gives again a coherent pair.

A. Laguerre Case. The distribution function d¥(x)=x%""dx with
a> —1 on (0, 0) defines a positive- deﬁnite classical functional u. The
functional u satisfies D(¢u) =yu with ¢(x)=

From Theorem 1 and Theorem 2 we obtain the following coherent pairs.

dWy(x)=x% "~ dx, d‘P,(x)zxL_éx“'e’x dx+M6(E),  (3.12)

where we have to take a> — 1, £ <0, M >0.

dWPy(x)=(x—¢&) x* e dx, d¥,(x)=x" " dx, (3.13)
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where £ <0, a>0.
d¥Py(x)=e " dx+ M), d¥,(x)=e “dx, (3.14)

with M >0. In (3.12) the d¥, has to be interpreted as

I

o0

1
x_

S d¥ (2= [ Sy gt e dv + MU,

so the spectrum of ¥, is [0, 0c0) U {&}. The spectrum of all other distribu-
tion functions is [0, o). It is not difficult to check that (3.12), (3.13) and
(3.14) indeed define coherent pairs. For (3.12) and (3.13) compare [7].
Since (3.14) has not been mentioned in [7] we give a proof of it.

Let {P,} denote an orthogonal polynomial sequence with respect to
d¥?,. Since L'"(0)=1 for all n=0 (see [12], 5.1.7) we have

fm (L) =LY} Ped¥y =jm (LO—LO )} Pre > dx=0
0

if k <n—2. This implies
LLO)_L;Ull =CnPn+cn71Pn719

for some constants ¢, and ¢, _,. Then differentiation gives (compare [12],
p. 102)

0 ’ '
LO® = _¢ P —c, P, _,.

n—1"—

Remark. 1f a #0, then (3.7) and (3.8) with N = K=0 imply that d¥%, in
(3.13) cannot have a term MJ(0).

B. Jacobi Case. The distribution function d¥(x)=(1—x)*(1+x)”?
with a> —1, f> —1 on (—1, 1) represents a positive-definite classical
functional u with D(gu) = yu, where p(x)=1— x>

Theorem 1 and Theorem 2 give the coherent pairs

d¥Py(x)=(1—x)*(1+x)? dx,
1
lx —¢|

(3.15)

d¥,(x) = (1—=x)* " (1 +x)f dx + MS(E),
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witha> —1, f> —1, || =1, M >0,

d¥o(x) =[x =&l (1—=x)*"" (1 —x)F "' dx,

(3.16)
d¥,(x)=(1—x)*(14+x)"dx

with [£]|>1, >0, f>0,

dPy(x)=(1+x)""dx+ M5(1), d¥,(x)=(1+x)"dx, (3.17)
with >0, M >0 and

dPy(x)=(1—x)""dx+ Ms(—1), d¥,(x)=(1—x)*dx, (3.18)

with >0, M >0.
The spectrum of ¥, in (3.15) is [ —1, 1] U {&}; the spectrum of the
other distribution functions is [ —1, 1].
Again it is easy to check that this indeed are coherent pairs (for (3.15)
and (3.16) compare [7]). The coherence of (3.17) follows with
POF=D(1)=1 for all n>0 (see [12], (4.1.1)) and

d

(PO UL =2 (24 1) PA),

N —

(see [1], p. 782). The coherence of (3.18) follows in a similar way.

C. Hermite Case. In the Hermite case the distribution function is
d¥(x)=e " dx on (— o0, o) with ¢(x)=1. Theorem 1 and 2 imply that
there cannot exist coherent pairs.

4. SYMMETRICALLY COHERENT PAIRS

In this section u, and u, denote symmetric quasi-definite linear func-
tionals and {P,} and {T,} the corresponding MOPS. The polynomials of
even degree are even functions and the polynomials of odd degree odd
ones. In this situation (2.1) only can be satisfied with ¢,=0 for all n> 1.
Therefore Iserles et al. [4] introduced the concept of symmetrically
coherent pair. The pair {u,, u,} of symmetric functionals is called a sym-
metrically coherent pair if there exist non-zero constants g, such that

P P
T = n+1l n—1
a1l T

for n=2.
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In this section we assume {u,, u;} to be a symmetrically coherent pair
and we will prove that again at least one of the functionals has to be classi-
cal. Therefore we will use the polynomials

T, T,
C,=g, -2 n=1.
tn tn72

Proposition 1 is replaced by Proposition 2 which can be proved in the
same way.

PROPOSITION 2. Let {uy, u,} denote a symmetrically coherent pair, then

P
n—u,=D(C, u;) for nx=l.

n

COROLLARY 2. Let {uy, u,} denote a symmetrically coherent pair, then

@ Du, =nu,, Xouy=xBu,, nuy= B Du,
with
P P
§0=373C2_71C4> (4.1)
XP3 XP1
P P
n=—3—"2Cy+—LC, (4.2)
XP3 XP1
1
B=;{C2CQ—C4C’2}, (4.3)

where degree ¢ <4, degree n <3 and degree B=4.

Proof. Proposition 2 with n=1 and n =3 reads

P
—Luy=Chu,+ C, Duy, (4.4)
D1
P, )

3p—u0=C4u,+C4Dul, (4.5)

3

where P,, P;, C5 and C, are odd polynomials. Elimination of u, gives the
first identity of Corollary 2. Elimination of Du, gives the second and
elimination of u; gives the last relation. The leading coefficient of B is
2(0,05/t,1,) #0. 1
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All above mentioned polynomials are either even or odd. Then all zeros,
apart from x =0 in the odd polynomials, appear in pairs { —¢&, &}. A result
similar to Corollary 2 has been given in [8] based on Proposition 2 with
n=1 and n=2. We have chosen the definition of B in such a way that we
have the next lemma.

LemMma 4. (i) If B in (4.3) is of the form B=2(c,05/tyt,)(x* — &),
then sz(o'l/tz)(xz_éz) and (x> — &) | C,.

(ii) If C, | B, then B is of the form B=(20,0;/t,t,)(x*>— &)

Proof. Put C,=(0,/t,)(x*>—a?) and C, = (a5/t,)(x*+ p>x*+y?). Then
(4.3) gives

20,04
bty

B

(x* —2a%x% — o*B* —9?).

(i) If B=2(0,05/t2t4)(x*—E?)% then a?=¢E2 and —o?f?—p2= &4
This implies C, = (0, /1,)(x2 —&2) and Cy(&) =0, ie. (x2—E2) | C,.

(ii)) If C,|B, then B(x)=0, ie. —a*—a’f>—9»>=0 and B=
(20,05 /t514)(x* —20°x* + a*) has the desired form. ||

Lemma 4 enables us to characterize {u,, u,} in the case that B is a pure
square.

THEOREM 3. Let {u,, u,} denote a symmetrically coherent pair of quasi-
definite linear functionals. Let B in (4.3) be of the form B=(20,05/t,t4)
(x> —=E&2)2 Then

(1) uy is classical with D(¢uy) =u, for some polynomials @, Y,
degree p <2, degree W =1;
(ii) ¢u0:2(0'10'3/l‘214)(x2—52) Uy.
Proof. 1t follows from Lemma 4(i) and (4.1) that we can write

@ =(x*—¢&?) @, for a polynomial ¢ with degree @ <2. The elimination of
Du, from (4.4) and (4.5) can be done in such a way that we obtain

2
XGug=x 2193 (2 _ 2y (4.6)

ie.
Fug=2 2173 (x> — ) u, + MS(0), (4.7)
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for some constant M. We will show that M =0. Then u, is classical, since

by (4.4),

D(Gug) =222 D(Couy) =221,
4 Iy Py

In order to prove that M =0 in (4.7) we use Proposition 2 with n=2:

P
2—2uy=Chu, + Cy Du,. (4.8)

)2)

Elimination of Du, from (4.4) and (4.8) gives

P P
(22c2—‘c3>u0=(czc;—c3c;> u“,
)2 D1

which will be abbreviated as
Gatto="b,uy, (4.9)

where ¢, and b, are even polynomials, degree ¢, <4, degree b, =4.
Elimination of u, from (4.6) and (4.9) gives

Pbi—2717 qi(x* =) =0, (4.10)

244

and then elimination of u, from (4.7) and (4.9) leads to Mq,(0)=0.

If M=0 we are ready. Therefore suppose M #0. Then ¢,(0)=0.
Since P,(0)#0, we obtain C,(0)=0, i.e. by Lemma 4(i) £ =0. Then (4.7)
reduces to

0,05

x2u, + MS(0). (4.11)

Puy=2
21y

Putting ¢, = x?¢,, by = x?b, we obtain from (4.9) and (4.10)

X2q,uy=x>byu,, (4.12)

2
Gb, — 27173 4 2 =0, (4.13)
11,
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Then elimination of u, from (4.11) and (4.12) gives Mb,(0)=0. Since we
had assumed M #0 we obtain 5,(0) =0, i.e.

G0,
x?,

C,Cy— C3Ch=by=x%b, =

Z15)

It is easy to see that then C;=(0,/t;) x

We have found that M #0 implies C,=(0,/t,) x> and C;=(0,/t;) x*
Then elimination of Du, from (4.4) and (4.8) can be done in such a way
that one arrives at

qzuozala2 xX%u;. (4.14)
Lty
Relation (4.13) reduces to
(7,@_2@%:0. (4.15)
ty

Finally (4.11), (4.14) and (4.15) imply M =0, a contradiction. This com-
pletes the proof of the theorem. ||

In order to treat the situation where B in (4.3) has two different pairs of
zeros { —&,, ¢} and {—¢&,, &,} we derive a basic relation similar to rela-
tion (3.1).

By Proposition 2 and Corollary 2 we have

(2n+1) 2"“Bu1

Pon+1

P
=(2n+1)—2*L xBu,
xp2n+1

=2n+1)—— Pone1 xpuyg=@D(C,, , >u,)
xp2n+1

=¢Ch oty +9Co,y Duy = (9 Chyy 5+ Copy o) Uy

Hence

P c;
Qn4l)—2tlpgp-—22,c, T >0 (4.16)
XP2n +1 X X

We have used the fact that P, ., C5,,, and 7 are odd polynomials.
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LEMMA 5. Let & be such that B(E) =0, ¢(&)#0, where B and ¢ denote
the polynomials defined in (4.3) and (4.1). Then there exists a k independent
of n, k#0, such that

Cor 4k 2220 foratl w0
Proof. Substitution of & in (4.16) gives
Crzn + »(&) (&)
C2n +2 - = 0
@(&) : + (¢) :

(If £=0, then n(&)/¢ has to be read as n(&)/E =1lim, _ o(7(x)/x); the same
should be done with C%,, ,(&)/E.)
The relation with n =0 reads

C5(&) (<)
C,(&) =22 =0.
: + C,(&) :

Since C5(&)/E=2(a,/t,) #0 and (&) #0 it follows 7w(&)/E #0. Then the
lemma is satisfied with k= ¢@(&)(E/r(E)) #0. |}

»(&)

LEMMA 6. Suppose that there exist &, &,, ki #0 and k, #0 such that

’ C'
C2n+2(él)=0 and C2ﬂ+2(éz)+k2 2n+2(52)

C k
o 2(E1) + Ky 2 z

=0
(4.17)
for all n=0. Then &, = + &, and k,=k,.

Proof, The polynomials T,, and C,, are even polynomials. Write

T*(x*) =T,,(x) and C*( %)= C,,(x), then {T}*} are orthogonal with
respect to the functional u* defined by the moments {u¥, x"» = {u,, x>,
n=0,1, 2, ... The relations (4.17) become

Cr (&) +2k,Cx (&) =0,  j=1,2, n>0.
Proceeding as in the proof of Lemma 2 we obtain ¢7=¢3 and &k, =k,. |

LEMMA 7. Suppose B in (4.3) has two different pairs of zeros. Then

(1) at least one pair of zeros of B is also a pair of zeros of ¢;
(i) if (x*=&) | B and (x> —E&%) | @, then Cy(&) #0 and (x>~ &) | =
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Proof. Assertion (i) of the lemma is a direct consequence of Lemma 5
and Lemma 6. If { —¢, &} is a common pair of zeros of B and ¢, then
(4.16) with n=0 implies x> —&? | C,(n/x). Since B has two different pairs
of zeros Lemma 4(ii) implies C,(¢) #0. Hence x* — &2 | . ||

THEOREM 4. Let {uy, u,} denote a symmetrically coherent pair of quasi-
definite linear functionals. Let B in (4.3) be of the form

0,03
tyty

B=2 (x*—=EH(x?—E3) with &3+ &3

Then

(1) uy is classical with D(¢u,) =vu, for some polynomials @, ,
degree p <2, degree W =1;

(i) there exists Ee{&,, &y} such that

(x* =& u,.

Proof. According to Lemma 7(i) we may suppose that {—¢&,, &} is
also a pair of zeros of ¢. Then, by Lemma 7(ii), C5(&,) #0 and { —¢&,, &}
is also a pair of zeros of n. Put

B=(x*—¢2) B, o =(x*—¢&1) @, n=(x*=¢&N)m,.

Then (4.16) becomes

P -
<2n+1)}%B=¢C;H+z+czn+znl, n=0. (4.18)
2n+1

Moreover, the relations xu,=xBu,, B Du,=nu, and ¢ Du, =nu, from
Corollary 2 give

X2Quy = x*Bu, + MS(E,) + Mo(—¢)), (4.19)
XB Du, = xm,uy+ No(&,) + No(—¢&,), (4.20)
X@ Du, = xm,u, + Ko(&,) + Ko(—&)), (4.21)

where we have used the fact that the functionals applied on polynomials of
odd degree have to give zero.
We will show M =N=K=0.
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It follows from (4.18) and Proposition 2 that

~ 1y P n D D '
(PC 2+ Copiamy) ug=(2n+1) ﬁBuo:B(C2n+2“1 + Cy, 2 Duy).

Pon+i

Hence

Cén+2 2~ 2D _ >3

—— = {X’Quy— x’Bu,} = C,, , ,{xB Du, — xm,u,}, n=0.

X
Then (4.19) and (4.20) imply
C!
2%@1\4:2@””(51)1\7, n=0. (4.22)
1

Observe that C5(&,)/E,=2(a,/t,) #0, C5(&E,) #0; then M =0 if and only
if N=0. Consider the second pair of zeros { —¢,, &,} of B. There are two
possibilities: ¢@(&,)#0 and ¢(&,)=0. If ¢(&,)#0, then Lemma 5 and
Lemma 6 imply that relation (4.22) has to be trivial, ie. M=N=0. If
@(&,) =0, then we can proceed with &, as with &, and arrive at a relation
for &, similar to relation (4.22) for £,. Again Lemma 6 implies that at least
one of the relations has to be a trivial one, and without loss of generality
we may suppose that the relation (4.22) for &, is trivial. Hence in both
cases we obtain M =N=0.

In order to prove that K =0 we proceed as follows. With (4.4) and (4.18)
for n=0 we obtain

P P, <
@Flu0=¢(C§u1 + G, D“l):<plBC27'51>“1 +@C; Duy,
1 1

or

P ~
j {x*Puy— x*Bu,} = C,{xp Du, — xm u,}.
1

Then (4.19) with M =0 and (4.21) imply
2KC5(¢y)=0.
Since C,(&,) #0, we have K=0.

Now we are able to prove the assertions of the theorem. Relation (4.21)
with K=0 reads x¢ Du, = xm,u,. Since u, is symmetric and ¢’ and =, are
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odd polynomials we have {@ Du,, 1> =<m,u;, 1> =0. Then the relation
can be reduced to

@ Duy=mu,. (4.23)

Then D(¢u,)=@'u;+ @ Duy= (@' +7m,)u, =vyu,, with degree @ <2,
degree ¥ < 1. However, { is an odd polynomial and =0 is impossible for
a quasi-definite functional u,. Then degree y =1 and u, is classical. This
proves assertion (i) of the theorem.

In the same way (4.19) with M =0 reduces to

X@u, = xBu, (4.24)
or
Guy= Bu, + L§(0). (4.25)
Observe that B= (20,0, /t,t,)(x> — £2).
We will prove that L =0 in (4.25), which completes the proof of asser-

tion (ii) of the theorem. Elimination of u, from (4.8) and (4.24) gives, using
(4.23),

P, -
Ci¢+ Cymy —2—=B=0.
P2

Then elimination of u, from (4.8) and (4.25) gives

Since P,(0)#0, we obtain L=0. |

Theorem 3 and Theorem 4 enables us to give all symmetrically coherent
pairs which can be represented by distribution functions. In Theorem 3 and
Theorem 4 the ¢ may be complex, in the distribution functions below we
always assume the ¢ to be real.

D. Hermite Case. The classical distribution function is d¥(x)=e " dx
on (— o0, o0) with ¢(x)=1. Theorem 3 and Theorem 4 give the symmetri-
cally coherent pairs of distribution functions on ( — o0, )

2
—x2

e

{exz dx, m dX} with f #* 0,
(X +E) e dx, e dx}.

It is easy to prove that these pairs are indeed symmetrically coherent pairs.
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E. Gegenbauer Case. The classical distribution function is d¥(x)=
(1—x*)*dx on (—1,1) with a> —1; the corresponding functional u
satisfies D(qu) = yu with ¢(x)=1—x?

We obtain the following symmetrically coherent pairs of distribution
functions with obvious definition of the spectra

2\ —1 (l_xz)“
{(l—x ) dx’ixz—l—fz dx}, >0, &E#0,
and
] (1_x2)<x
{(1 —x2)*~dx, 762_)62 dx+M5(§)+M5(—f)},

with >0, [&| =1, M >0.

{(X*+E)(1—x?)*dx, (1 —x?)*dx}, a>0
{(&2—=x?)(1 —x?)* " 'dx, (1 —x*)"dx}

with |£] > 1, a >0 and
{dx +Md(1)+ Mo(—1), dx}, M=0.

Again one can prove that the mentioned pairs are coherent pairs.

Remark. In [2] the concept of generalized coherent pairs has been
introduced. It reads for linear functionals: let u, and u,; denote quasi-
definite linear functionals and let {P,} and {7,} denote their MOPS, then
{ug, u,} is called a generalized coherent pair if there exist constants o, 7,
such that

’ ’ ’
Pn+1 Pn Pnfl
Tn_i g,——7T

T+l " "n—1

for n=2.

Leta> —1, &,<0, & <0, M >0, then

1
{x"‘e“ dx, — x* Tl dx—i—M(S(fz)}

X—Co
and

{(x—¢&)) x"e Y dx, x*"'e " dx}
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are coherent pairs. From this observation it easily follows that

{(x—fl)x“e"dx “lexdx—i-M&(éz)}

—X
’x_fz

is a generalized coherent pair. (Obviously the dx-terms are distribution
functions on [0, o0) and if M #0 the last term gives a contribution from
&, outside (0, c0).) Here none of the distribution functions is a classical
one, so the results of this paper cannot be generalized to generalized
coherent pairs.
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